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Surface effects on the amplitude of fluctuation-induced interactions in smectic films
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Within a quadratic functional integral approach, we investigate the role played by surface terms in the
fluctuation-induced surface-surface interaction of free standing smectic liquid crystals. We show that the
typical 11 decay of the Casimir-type contribution to the free energy of a film with thickheseeplaced by a
faster 1/° decay at a characteristic surface tension. An intermedisted@tay can also take place for specific
surface parameters with unlike boundary conditions. In all the investigated cases, a repulsive long-range force
appears only for mixed boundary conditions with strong anchoring at one surface and weak anchoring at the
opposite one. Further, the amplitude of the thermal Casimir energy, besides being influenced by the applied
surface tension, depicts a nonmonotonic dependence on the coupling between the outermost film layers,
reflecting a crossover between strong and weak anchoring regimes.
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[. INTRODUCTION proach. By employing a subtraction scheme, we are able to
obtain precise numerical values for the interaction energy of
Smectic liquid-crystal films are rich physical systems inthin films within a discrete formulation. Also, in the limit of
which the interplay between surface and finite-size effectgery thick films, our numerical results are in full agreement
can be experimentally investigated. A stack of smectic layerith those obtained within a continuum approach. The
confined by surrounding gas forms a free standing smectigsymptotic amplitude of the interaction energy is computed
film [1,2]. The effective coupling between the film and the as a function of the surface tension and the surface coupling
gas is represented by a surface tension term, which reducegnstants. We will show that the nature of this long-range
fluctuations in the smectic order and provides the characteforce is closely related to the profile of smectic fluctuations,
istic quasi-long-range order with logarithmically diverging Which presents distinct trends for weak and strong anchoring.
fluctuations. The reduced fluctuations near the film surface
are related to several anomalous phenomena such as exis- Il. SMECTIC- A FILMS: FLUCTUATIONS PROFILE
tence of smectic films at high temperatures as compared with AND THERMAL CASIMIR ENERGY
bulk samples[3,4], surface-enhanced ordering, and layer-
thinning transitiong5-7].
Fluctuations in liquid-crystal films with slowly decaying
(power-law correlations give rise to a fluctuation-induced L N K. N-1 g
Iong-range interaction between thg film su.rfa§8514]..ln H:f dzr{z —'[Aui(r)]2+ E —'[ui+1(r)—ui(r)]2
the particular case of smectk-films, this fluctuation- a -1 2 =1 2d
induced force decays asld/wherel is the film thickness
[8,9]. This thermal Pseudo-Casimir force has a longer range 71 2, IN 2
than the usual van der Waals interaction that decayslas 1/ * ?|Vu1(r)| +7|VUN(r)| ’ @
and is expected to play a relevant role governing phase tran-
sitions in free standing smectic films. This thermally inducedwhere u;(r) describes the displacement of thié smectic
interaction is attractive for like boundary conditions and re-layer from its original equilibrium position at point Hered
pulsive otherwise. However, the amplitude of such interacis the average distance between layers ani$ a short-
tion is not universal. For example, it was demonstrated thatvavelength cutoffy; is the surface tension between the ex-
the interaction amplitude depends continuously on the apternal surfaces and the surrounding gas and accounts for the
plied surface tension even in the limit of very thick filfr&. additional energy cost associated with increasing the surface
This feature is in contrast to the general behavior at converarea of the two free surfaces. Within the above Gaussian
tional critical points[15] as well as to that of long-range approximation, the surface tension acts by anchoring the sur-
interactions induced by fluctuations of the orientational ordeface layers of free standing films. It penalizes any gradient of
in hexatic filmg[11]. In these systems, any finite anchoring is the surface layer displacement, with the equilibrium direc-
renormalized to the strong anchoring limit as the film thick-tion being defined by the film holders used in the free stand-
ness grows. The peculiar behavior of smegifiims is due  ing techniqug16]. B; is the smectic elastic constant associ-
to the fact that it is the surface tension itself that stabilizesated with the compression of layerrs 1 andi, while K; is
the quasi-long-range order and provokes the emergence tie elastic constant associated with the bending ofithe
the Pseudo-Casimir force. layer. Close to the transition temperature, at which the smec-
In the present work, we examine the fluctuation-inducedic order is established, the elastic constants present a con-
interaction energyAf between the surfaces of a layered siderable dependence on the layer indeXVell inside the
smecticA film within a quadratic functional-integral ap- smectic phase, the elastic constants assume a more flat pro-

For a thin smectid film with N layers, the fluctuation
Hamiltonian in the harmonic approximation is given [y
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file and the only substantially distinct constants are those 15.0 . . . -
related to the surface on¢$7]. Hereafter, we will restrict
our analysis to this latter case assuming that the surface — ___
terms areKg, K§, Bi=BY=Bg, while we keep all other L 140 1
elastic constants equal to the bulk valuésand B. This o) M%J
model was first introduced by Holyst to compute the x-ray- @
diffraction pattern for thin smectiéx liquid-crystal films[ 18] . . . .
and further extended by Mirantsev to allow for nonflat pro- 13.0
files of the elastic constanf&7]. 8.0 . . . .
By employing a continuous Fourier transform with re-
spect tor, the quadratic Hamiltonian is partially diagonalized . oo
resulting in the more compact form L 70 L i
s
1 (2nla d2q N )
=5 2| 2 w@Mu-a)|, @
277“—(2’77) ij=1 6.0 I ) L 1
where the only nonzero elements of the malvixare 5.0 . ; >
My,1= 719>+ dK5q*+Bs/d, () .
°$ 4.0 J
My.n=yna2+dKEq*+Bs/d, (4) G
M, ,=My_1n-1=dKg*+(Bs+B)/d, ) ©
3'0 1 1 1 1
: 1 5 9 13 17 21
My ,=Mp1=My_1n=Myn-1=—Bs/d, () FIG. 1. Profile of smectic fluctuations for a 41-layer film. The
. bulk and surface constants were kept equal to the experimentally
Mii+1=Mjsq;=—B/d, i#1N-1. (8) typical valuesK=1x10"% dyn and B=2.5x10" dyn/cn?, for

. . . . . _which the characteristic surface tensionyig=VKB=5 dyn/cm.
The quadratic form of the Hamiltonian yields simple ex The surface tensions ate) y=5y,: (b) y=vc: and(c) y= y./5.

pressions for some thermodynamic quantities of interest. "E

ticul il te th | disol otice that the smectic fluctuations change from a positive curva-
particular, we will compute the average layer displacement, o profile for y<+y, to a negative curvature profile foy> 1y, .

fluctuations These data were obtained for like boundary conditions: §;
=)
d%q
Ui2:<ui2>:kBTf S(M7h, C) _
(2m) elastic constantsK=1x10"® dyn and B=2.5x10’
d the total f dyn/cn?. Further, we considered=30 A, a=4 A, L=1
and the total free energy cm, kgT=4x 10" erg. The most relevant surface ordering

f 17 2 10 a2 term is the one related to the surface-gas tension. For strong
= _f ga > :_f _q|n detM, (10  anchoring the fluctuation profile has a negative concavity. In
keT 2) (2m)2 ‘W "2 (2m)°? ’ this regime, the surface tension strongly reduces surface fluc-

tuations thus overcoming the effect of the presence of open

for which standard matrix algebra can be used to computgoundaries. For weak anchoring, however, the fluctuation
(M™1);;i, detM and the eigenvalues,, [11,18,19. profile changes to a positive concavity. In this case, although

Some aspects related to the displacement fluctuations prehe surface tension still acts inducing quasi-long-range order,
file have already been reported in the literature for the regimene open boundaries effect dominates, making the inner lay-
of strong anchoring, i.e., surface tensions larger than a chagers more robust than the outer ones. The layer fluctuations
acteristic tensiony.= KB [18]. Here, we stress some fea- assume an almost flat profile at the characteristic surface ten-
tures related to the weak anchoring regime and to the filngion y, with a small downward curvature near the surfaces
thickness and surface tension dependence of the average dighen Ks=K. By tuning the surface Frank constantskgq
placement fluctuatiorr= \/<a? ). These will be shown to =K/2, aflatter profile near the surfaces can be obtained, with
play an important role in the physical interpretation of thethe surface layers exhibiting a slightly larger displacement
behavior of the fluctuation-induced long-range interactionfluctuation than the inner ones.
between the film surfaces. The above results show that the smectic fluctuation profile

In Fig. 1, we show our results for the profile of smectic has an overall negative curvature when both surface tensions
fluctuations on a 41-layer film as obtained from direct inte-are greater thany, (strong anchoring regime With both
gration of Eq.(9) for films with y,=yy= v (only half of the  surface tensions smaller thag (weak anchoring regimean
symmetric profile is depictedWe used typical values for the overall positive curvature takes place characterizing the

051711-2



SURFACE EFFECTS ON THE AMPLITUDE B. ..

PHYSICAL REVIEW E 65051711

8.0& ' ' ] 15.0 T
E G—=© 5layers M
E—+ 15 layers
&—= 45 layers
75 | A—A 95 layers 11.0 |
_~ —
0$ °$
o ©
70 L 70l G = 5—a—&-5-8E56H
b
h M@?
6.5 L L 3.0 1
4.0 6.0 8.0 10.0 10 100
v (dyn/cm) Number of layers

FIG. 2. Average fluctuatiom of a smectic film vs the surface FIG. 3. Average fluctuatiomr vs film thickness for typical sur-
tensiony for several film thicknesses. Coupling constants are theface tensions. Coupling constants are the same as in Fig. 1y For
same as in Fig. 1. For strong anchoringXy.) the average fluc- = 7. (squaresthe average fluctuation is roughly thickness indepen-
tuation grows with the film thickness once bulk layers fluctuatedent. Fory=5y, (circles the average fluctuation grows with film
more than the strongly constrained surface ones. For weak anchdhickness reflecting the dominant role played by surface anchoring.
ing (y<1y,.) this trend is reversed because the presence of opekor y=vy./5 (diamondg the average fluctuation decreases with film
boundaries undertakes the anchoring and surface layers are thabéckness as the presence of open boundaries has a predominant role
exhibiting larger fluctuations. in the weak anchoring regime.

weak anchoring regime. For mixed boundary conditions withd€nSity: fs is the surface contribution andf(l) is the
strong anchoring in one surface and weak anchoring in thfuctuation-induced interaction energy that vanishesl as
opposite one, the profile presents an inflexion point near the”*- o )

center, i.e., an upward curvature in the film side under weak !N the limit where the number of smectic layés- but
anchoring and a downward curvature at the side under strongith =(N—1)d finite, a simple expression for the interac-
anchoring. We call attention to these features since they willlon €nergy can be obtained from the continuous version of
be shown to be strongly correlated with the attractive or refhe model[8]. Here we draw the main lines of such deriva-
pulsive nature of the fluctuation-induced interaction betweerion With an extension to the case of films with enhanced
the film surfaces. surface Frank constanks; andKY . The surface elastic con-

The reported change in the concavity of the fluctuationstant will be kept equal to the bulk one allowing us to find a
profile is characteristic of surface ordering fields that induceclosed expression fakf. The general case &s#B will be
quasi-long-range order. In contrast, surface terms that do néliscussed later. It is straightforward to show that, in the con-
induce a new order, such as enhanced surface elastic coffauous regime, the eigenmodes are obtained from the differ-
stants in hexatic films, are only effective at distances smallegntial equation,
than a characteristic length and do not change the profile
curvature at the bulk of thick films. On the other hand, sur- . du(z)
face ordering fields that induce true long-range order have a dKq'u(z)—dB
dominant effect at the bulk fluctuations even in the limit of
weak anchoring19]. , L , wherez runs from 0 tol. The eigenmodes have to satisfy the

This change in the fluctuatlo_n profile is _reflected in theboundary conditions,
average fluctuation of the smectic orderin Fig. 2, we plot
o as a function of the surface tension for several film thick-
nesses. At weak anchoring< vy, thicker films have smaller
fluctuations as bulk layers are more ordered. On the other
hand, in the regime of strong anchoring>vy., thin films
exhibit a more robust smectic order. Similar data are pre-
sented in Fig. 3 where these distinct trends are more clearly
depicted.

The total free energy of a film with open boundaries andajthough d<I in the continuous limit, we need to keep it
thicknessl has the following functional dependence lon explicitly in the boundary conditions to obtain the correct
asymptotic dependence aff on the elastic Frank constants
K andKj. The eigenvalues ,, subject to the above bound-
ary conditions have the form

e =\u(2z), (12

14, oo —grl M —
(dKgq™+y199)u(0)—B Au(0), (13
0z z=d/2
u

(dK3g*+ yna?)u(l) +B| —

) = u(l). (14
z=1-d/2

f=Ifg+fgtAf(l), (11)

wherelf g is the extensive part, proportional to the number of

B
_ 4., - 2
layers. In the limit ofl -, fg gives the bulk free energy Am=dKq+ d ()%, (19
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wherew(m) are the solutions of 0.02 . . . . .
w(m)(l/d) +arctang, +arctanpy=m=m (m=0,1, .. .), 0.01
(16) 0.00
with
< -0.01
B/d)w(m)2—y,q?—d(Ks—K)qg* m
_(Bldom?- yq~d(Ks-K)G' _w(m) oo
(B/d)w(m) 2
-0.03
where terms of higher order im(m) were neglected. The '
volume and surface terms of the free energy in @4) are -0.04 - - - - - .
formally divergent in the continuous limit. We can compute 107 100 10 }0 10 100 10
the interaction energy by applying the Poisson summation e

formula[20], which naturall_y splits the surfface and volume FIG. 4. The asymptotic amplitudé of the fluctuation-induced
,terms and replaces the discrete summation O“dPy an interaction energy vs the surface tension as obtained from the nu-
integral overe [8,19]. After some algebra, we obtain merical integration of Eq(10) followed by a subtraction scheme.
Coupling constants are the same as in Fig. 1. Circles are data for
Af(l)= kB_Tf d’q like boundary conditiong/; = yy= 7. Two unlike boundary condi-
2 )

In[1—e 2"KBeG.G,], (19

(27)2 tions were consideredy,=0 and yy=1y (square§ y;— and
vn=7 (diamonds$. The solid lines are the resulting expressions for
where A obtained by the continuous version of the model. Notice that the
long-range fluctuation-induced force is attractive whenever one has
- (yo— 7i)q2— d(K'S— K/2)q4 strong anchoring ¢>vy.) or weak anchoring ¥<y.) at both sur-

Gi

. , (19 faces. For mixed anchoring a repulsive interaction takes place.
(ve+ 1) 9?+d(Ks—K/2)g*
) . . In Fig. 4, we present our numerical results for the ampli-
1 and yy being the surface tensions on each film surfacey,ge of the fluctuation-induced interaction in the limit of very
Keeping the dominant term of E¢L8) for largel, the inter-  ihick films and compare it with the expression obtained from
action energy can be shown to decay asymptoticallylasril/  he continuous model. Both results coincide within the accu-

the form racy of the numerical procedure. The corresponding
Af() d fluctuation-induced force is attractive whenever strong an-

Ne —=A(—), (20) choring (y>vy.) or weak anchoring ¥<1y,) is imposed on
kgT | both film surfaces. On the other hand, a repulsive interaction

takes place for mixed anchoring. This behavior can be cor-

where the characteristic smectic length=VK/B and the  rg|ated to the profile of smectic fluctuations that for mixed

surface tension dependent amplitusiés given by anchoring exhibits an inflexion point. Therefore, for smectic-
o n A films, fluctuation profiles with a positive or negative cur-

A=— 1 [( Yo~ na|[Yem | [" L (21)  Vvature generate an attractive long-range interaction between
167 7=1 [\ et v/ vet N/ | n2 the film surfaces, whereas profiles exhibiting an inflexion

point (mixed boundary conditiongesult in a repulsive long-

Notice that the asymptotic amplitude is independent of theange force. The amplitude vanishes whenever one of the
surface Frank constankss. surface tensions are equal to the characteristic tengion

In the discrete model, the interaction energy has to b&his feature reflects a faster decay of the fluctuation-induced
obtained from direct integration of E¢L0) after computing interaction in these cases.
detM through algebraic methods. Further, a subtraction In Fig. 5, we plot the interaction energy vs the film thick-
scheme has to be numerically implemented to separate theess(in units of layer spacingfor the case of like boundaries
fluctuation-induced contribution for the free energy. The ma-and several surface tensions. Indeed, we find thatay. a
trix algebra is quite similar to that used to investigate the fredaster decay of the fluctuation-induced interaction takes place
energy of hexatic filmgsee Eqs(5)—(7) of Ref.[19]]. The  with Af(l)«1/%. Expanding Eq.(18) after imposing vy,
extensive contribution coming from the analytical expression= yy= v, but allowing distinct surface Frank constants, we
for IndetM can be quite easily identified and isolated so thaffind that
we effectively just need to numerically computgt Af(l).

In order to obtain the surface term, we compute the free Af(l) 1 [KE—K/2\(KY=—K/2\/d\3
energy in the limit ofl — o for which the fluctuation term is kT 1287 K K T/
absent. The above procedure allows us to compute the (22)

fluctuation-induced interaction even in the limit of very thin

films and to identify corrections to scaling to the asymptoticwhich now explicitly depends on the surface Frank con-
expression. Also, we can account for the relative effect oftants. The equation above is in full agreement with the nu-
having distinct surface couplings. merical results. The interaction amplitude vanishes when ei-

051711-4



SURFACE EFFECTS ON THE AMPLITUDE B. .. PHYSICAL REVIEW E 65051711

10° . : 0.003
0.002
10* | ° .
p \M 0.001
[as]
x -«
0 10° L o 1 X 0.000
<
o -0.001
< 8
100 I -0.002
10 -0.003 -
10 ' ‘ 10
1 10 100 1000
Id

FIG. 5. The fluctuation-induced interaction energy vs film thick-  FIG- 6. The asymptotic amplitude’ of the fluctuation induced
ness(in units of the average layer spacemdptfor several surface Intéraction versus surface tension fpy=y. and yy=y. Here we
tensions and like boundary conditions wiiz=K. Notice that the ~ US€dKs=K. The numerical data agree with the expressiag.
asymptotic scaling regime affo1/ takes place at general surface (24 obtained from the continuous modgblid line).

tensiond y=120 dyn/cm(squares) ang=3 dyn/cm(diamonds) ) L
with small corrections to scaling for thin films. At the characteristic Stant effectively governs how the surface ordering induced

surface tensioricircles a faster decay takes place wif=113, by th? surface tension can be pro'pag.ated to the inner layers.
The amplitude in this case is in full agreement with the continuoudf Bs is small, only a partial ordering is transmitted and the
limit result [Eq. (22)]. film behaves such as in the weak anchoring regime. For large

Bs, the surface ordering is efficiently transmitted. In Fig. 7
ther Ké or Kg (or both equals toK/2. In these cases, we We show the behavior of the asymptotic amplitude of the

observed numerically thahf displays a faster 1 decay fluctuation-induced interaction energy as a function of the
(When on|y one of the surface Frank constants quaE surface elastic constant for distinct values of the surface ten-

and an even faster I#/ decay forki=KY=K/2. This par- sion an.d in the case of like boundaries. In the regimg of weak
ticular value ofKs=K/2 andy=y, corresponds to the pa- anchoring /<) the absolute value of the amplitude
rameter set for which the fluctuations profile is quite flatincreases with decreasii; once the system becomes effec-
even very close to the film surfaces. The small downwardively less anchored. In the opposite case of strong anchoring
curvature depicted in Fig.(th) changes to an upward one for (Y= 7c) the absolute value oA reaches a minimum with
Ks<K/2. Also in this limiting case, repulsive interaction increasinds, which, according to the results shown in Fig.
force occurs only for mixed boundary conditions, i.e., a% charactenzz_es the c_rossover_from weak to strong anchoring.
strong Frank constant at one surface and a weak Frank cohlowever, the interaction amplitude does not vanish except
stant at the opposite one. at the particular case of= ..

The fluctuation-induced interaction for the case of unlike

boundaries withy;=7y. as a function ofyy takes the 0.00
asymptotic form
~0.01 |
N dAf(l)—A' d)* 23
s R (23
< -002 1
where
1 (Kg—K/2\ [ yu— 003 | nn8® :
- S YNT Ye (24)
64 K YNt Ye
-0.04 L L5 v} '5 8
and, therefore, exhibits an intermediaté?1decay. Notice 10 10 B d10/ 2, 10 10
that its nature is also attractive for strong{{>K/2,yy s (dyn/em’)

>v.) and weak Ks<K/2,yy<17.) anchoring at both sur-
faces, becoming repulsive for mixed boundary conditions
The interaction amplitude for this latter case is illustrated in ., itions and typical surface tensions. For weak anchoying

Fig. 6 together with numerical data. _ dyn/cnicircles the amplitudeA continuously decreases with de-

~ The effect of distinct elastic coupling constaBtsacting  creasingBg once the film effectively becomes even weakly an-
in the film surfaces can be explored numerically. Contrary tQ:nored. A similar trend extends up to= yc(squares). For strong
the surface Frank constant that do not influence thenchoring [y=60000 dyn/crftriangles and =120 dyn/
asymptotic amplitude of the fluctuation-induced interactioncm(diamonds] the amplitudeA exhibits a nonmonotonic behavior

in the general case oy+#vy., we found Bg to strongly reflecting the crossover from strong anchoring to weak anchoring as
modify the interaction amplitude. The surface elastic conthe surface coupling is decreased.

FIG. 7. The asymptotic amplitudé& of the fluctuation-induced
interaction energy vs the surface coupliBg for like boundary
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lll. SUMMARY AND CONCLUSIONS face tension is tuned at only one film surface. A fasté? 1/

In this work, we used a quadratic functional approach fordecay survives when the surface tension is tunegtaon

the Hamiltonian of free standing smectic films of thickness both surfaces. We reported analytical expressions for the

to compute the fluctuation-induced interaction between thgsymptotlc amplitude of the interaction energy on all rel-_
. . ; . evant cases. Further, we showed that the interaction ampli-
film surfaces for several regimes of anchoring. By using ma;

trix algebra together with direct numerical integration, wetUde strongly depends on the elastic coupling between the

; . “film surfaces and the inner layers and that, in the case of

reproduced the well known [1flependence of the interaction : . - .
. . ; large surface tensions and like boundary conditions, its ab-
energy as obtained by a continuous version of the model. The

g ; : olute value exhibits a minimum characterizing the crossover
attractive nature of the interaction holds when strong or wea :

. : . X rom weak to strong anchoring.
anchoring regimes are imposed on both film surfaces. For
mixed boundary condition&trong anchoring at one surface
and weak anchoring at the opposite pna repulsive
fluctuation-induced interaction occurs. According to wetting We would like to thank G.M. Viswanathan, R.J.V. dos
theory, a repulsive interaction leads to a scenario where consantos, and H.R. da Cruz for fruitful discussions and for the
plete wetting is possible, whereas layer-by-layer wetting camritical reading of the manuscript. This work was partially
take place for attractive interactions. The fluctuation profilesupported by the Brazilian research agencies CXEBap-
depicts a vanishing curvature at the bulk when the surfaceelho Nacional de Pesqu)sand CAPES(Coordenaao de
tension is tuned to the characteristic valyg= JKB that Aperfeimamento de Pessoal do Ensino Supgyiand by the
delimits the strong and weak anchoring regimes. We showedlagoas State agency FAPEAEunda@o de Amparo a Pes-
that, in this case, the fluctuation-induced interaction exhibitgjuisa do Estado de Alaggas.N.O. acknowledges financial
a faster decay becoming proportional td?Iwhen the sur-  support from CNPq.
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