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Surface effects on the amplitude of fluctuation-induced interactions in smectic films

I. N. de Oliveira and M. L. Lyra
Departamento de Fı´sica, Universidade Federal de Alagoas, 57072-970 Maceio´ Alagoas, Brazil

~Received 20 December 2001; published 24 May 2002!

Within a quadratic functional integral approach, we investigate the role played by surface terms in the
fluctuation-induced surface-surface interaction of free standing smectic liquid crystals. We show that the
typical 1/l decay of the Casimir-type contribution to the free energy of a film with thicknessl is replaced by a
faster 1/l 3 decay at a characteristic surface tension. An intermediate 1/l 2 decay can also take place for specific
surface parameters with unlike boundary conditions. In all the investigated cases, a repulsive long-range force
appears only for mixed boundary conditions with strong anchoring at one surface and weak anchoring at the
opposite one. Further, the amplitude of the thermal Casimir energy, besides being influenced by the applied
surface tension, depicts a nonmonotonic dependence on the coupling between the outermost film layers,
reflecting a crossover between strong and weak anchoring regimes.

DOI: 10.1103/PhysRevE.65.051711 PACS number~s!: 61.30.Hn, 61.30.Dk, 64.70.Md
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I. INTRODUCTION

Smectic liquid-crystal films are rich physical systems
which the interplay between surface and finite-size effe
can be experimentally investigated. A stack of smectic lay
confined by surrounding gas forms a free standing sme
film @1,2#. The effective coupling between the film and th
gas is represented by a surface tension term, which red
fluctuations in the smectic order and provides the charac
istic quasi-long-range order with logarithmically divergin
fluctuations. The reduced fluctuations near the film surf
are related to several anomalous phenomena such as
tence of smectic films at high temperatures as compared
bulk samples@3,4#, surface-enhanced ordering, and lay
thinning transitions@5–7#.

Fluctuations in liquid-crystal films with slowly decayin
~power-law! correlations give rise to a fluctuation-induce
long-range interaction between the film surfaces@8–14#. In
the particular case of smectic-A films, this fluctuation-
induced force decays as 1/l 2, where l is the film thickness
@8,9#. This thermal Pseudo-Casimir force has a longer ra
than the usual van der Waals interaction that decays asl 3

and is expected to play a relevant role governing phase t
sitions in free standing smectic films. This thermally induc
interaction is attractive for like boundary conditions and
pulsive otherwise. However, the amplitude of such inter
tion is not universal. For example, it was demonstrated
the interaction amplitude depends continuously on the
plied surface tension even in the limit of very thick films@8#.
This feature is in contrast to the general behavior at conv
tional critical points@15# as well as to that of long-rang
interactions induced by fluctuations of the orientational or
in hexatic films@11#. In these systems, any finite anchoring
renormalized to the strong anchoring limit as the film thic
ness grows. The peculiar behavior of smectic-A films is due
to the fact that it is the surface tension itself that stabiliz
the quasi-long-range order and provokes the emergenc
the Pseudo-Casimir force.

In the present work, we examine the fluctuation-induc
interaction energyD f between the surfaces of a layere
smectic-A film within a quadratic functional-integral ap
1063-651X/2002/65~5!/051711~6!/$20.00 65 0517
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proach. By employing a subtraction scheme, we are abl
obtain precise numerical values for the interaction energy
thin films within a discrete formulation. Also, in the limit o
very thick films, our numerical results are in full agreeme
with those obtained within a continuum approach. T
asymptotic amplitude of the interaction energy is compu
as a function of the surface tension and the surface coup
constants. We will show that the nature of this long-ran
force is closely related to the profile of smectic fluctuation
which presents distinct trends for weak and strong anchor

II. SMECTIC- A FILMS: FLUCTUATIONS PROFILE
AND THERMAL CASIMIR ENERGY

For a thin smectic-A film with N layers, the fluctuation
Hamiltonian in the harmonic approximation is given by@1#

H5E
a

L

d2r F(
i 51

N
dKi

2
@nui~r !#21 (

i 51

N21
Bi

2d
@ui 11~r !2ui~r !#2

1
g1

2
u“u1~r !u21

gN

2
u“uN~r !u2G , ~1!

where ui(r ) describes the displacement of thei th smectic
layer from its original equilibrium position at pointr . Hered
is the average distance between layers anda is a short-
wavelength cutoff.g i is the surface tension between the e
ternal surfaces and the surrounding gas and accounts fo
additional energy cost associated with increasing the sur
area of the two free surfaces. Within the above Gauss
approximation, the surface tension acts by anchoring the
face layers of free standing films. It penalizes any gradien
the surface layer displacement, with the equilibrium dire
tion being defined by the film holders used in the free sta
ing technique@16#. Bi is the smectic elastic constant asso
ated with the compression of layersi 11 and i, while Ki is
the elastic constant associated with the bending of thei th
layer. Close to the transition temperature, at which the sm
tic order is established, the elastic constants present a
siderable dependence on the layer indexi. Well inside the
smectic phase, the elastic constants assume a more flat
©2002 The American Physical Society11-1
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file and the only substantially distinct constants are th
related to the surface ones@17#. Hereafter, we will restrict
our analysis to this latter case assuming that the sur
terms areKS

1 , KS
N , BS

15BS
N5BS , while we keep all other

elastic constants equal to the bulk valuesK and B. This
model was first introduced by Holyst to compute the x-ra
diffraction pattern for thin smectic-A liquid-crystal films@18#
and further extended by Mirantsev to allow for nonflat pr
files of the elastic constants@17#.

By employing a continuous Fourier transform with r
spect tor , the quadratic Hamiltonian is partially diagonalize
resulting in the more compact form

H5
1

2E2p/L

2p/a d2q

~2p!2 F (
i , j 51

N

ui~q!Mi , juj~2q!G , ~2!

where the only nonzero elements of the matrixM are

M1,15g1q21dKS
1q41BS /d, ~3!

MN,N5gNq21dKS
Nq41BS /d, ~4!

M2,25MN21,N215dKq41~BS1B!/d, ~5!

Mi ,i5dKq412B/d, iÞ1,2,N21,N, ~6!

M1,25M2,15MN21,N5MN,N2152BS /d, ~7!

Mi ,i 115Mi 11,i52B/d, iÞ1,N21. ~8!

The quadratic form of the Hamiltonian yields simple e
pressions for some thermodynamic quantities of interest
particular, we will compute the average layer displacem
fluctuations

s i
25^ui

2&5kBTE d2q

~2p!2
~M 21! i ,i , ~9!

and the total free energy

f

kBT
5

1

2E d2q

~2p!2 (
m

ln lm5
1

2E d2q

~2p!2
ln detM , ~10!

for which standard matrix algebra can be used to comp
(M 21) i ,i , detM and the eigenvalueslm @11,18,19#.

Some aspects related to the displacement fluctuations
file have already been reported in the literature for the reg
of strong anchoring, i.e., surface tensions larger than a c
acteristic tensiongc5AKB @18#. Here, we stress some fea
tures related to the weak anchoring regime and to the
thickness and surface tension dependence of the averag
placement fluctuations5A^s i

2&. These will be shown to
play an important role in the physical interpretation of t
behavior of the fluctuation-induced long-range interact
between the film surfaces.

In Fig. 1, we show our results for the profile of smec
fluctuations on a 41-layer film as obtained from direct in
gration of Eq.~9! for films with g15gN5g ~only half of the
symmetric profile is depicted!. We used typical values for th
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elastic constants K5131026 dyn and B52.53107

dyn/cm2. Further, we consideredd530 Å, a54 Å, L51
cm, kBT54310214 erg. The most relevant surface orderin
term is the one related to the surface-gas tension. For st
anchoring the fluctuation profile has a negative concavity
this regime, the surface tension strongly reduces surface
tuations thus overcoming the effect of the presence of o
boundaries. For weak anchoring, however, the fluctuat
profile changes to a positive concavity. In this case, altho
the surface tension still acts inducing quasi-long-range or
the open boundaries effect dominates, making the inner
ers more robust than the outer ones. The layer fluctuat
assume an almost flat profile at the characteristic surface
sion gc with a small downward curvature near the surfac
when KS5K. By tuning the surface Frank constants toKS
5K/2, a flatter profile near the surfaces can be obtained, w
the surface layers exhibiting a slightly larger displacem
fluctuation than the inner ones.

The above results show that the smectic fluctuation pro
has an overall negative curvature when both surface tens
are greater thangc ~strong anchoring regime!. With both
surface tensions smaller thangc ~weak anchoring regime!, an
overall positive curvature takes place characterizing

FIG. 1. Profile of smectic fluctuations for a 41-layer film. Th
bulk and surface constants were kept equal to the experimen
typical valuesK5131026 dyn and B52.53107 dyn/cm2, for
which the characteristic surface tension isgc5AKB55 dyn/cm.
The surface tensions are~a! g55gc ; ~b! g5gc ; and ~c! g5gc/5.
Notice that the smectic fluctuations change from a positive cur
ture profile for g,gc to a negative curvature profile forg.gc .
These data were obtained for like boundary conditions (g5g1

5gN).
1-2
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SURFACE EFFECTS ON THE AMPLITUDE OF . . . PHYSICAL REVIEW E 65 051711
weak anchoring regime. For mixed boundary conditions w
strong anchoring in one surface and weak anchoring in
opposite one, the profile presents an inflexion point near
center, i.e., an upward curvature in the film side under w
anchoring and a downward curvature at the side under st
anchoring. We call attention to these features since they
be shown to be strongly correlated with the attractive or
pulsive nature of the fluctuation-induced interaction betwe
the film surfaces.

The reported change in the concavity of the fluctuat
profile is characteristic of surface ordering fields that indu
quasi-long-range order. In contrast, surface terms that do
induce a new order, such as enhanced surface elastic
stants in hexatic films, are only effective at distances sma
than a characteristic length and do not change the pro
curvature at the bulk of thick films. On the other hand, s
face ordering fields that induce true long-range order hav
dominant effect at the bulk fluctuations even in the limit
weak anchoring@19#.

This change in the fluctuation profile is reflected in t
average fluctuation of the smectic orders. In Fig. 2, we plot
s as a function of the surface tension for several film thic
nesses. At weak anchoringg,gc thicker films have smaller
fluctuations as bulk layers are more ordered. On the o
hand, in the regime of strong anchoringg.gc , thin films
exhibit a more robust smectic order. Similar data are p
sented in Fig. 3 where these distinct trends are more cle
depicted.

The total free energy of a film with open boundaries a
thicknessl has the following functional dependence onl:

f 5 l f B1 f S1D f ~ l !, ~11!

wherel f B is the extensive part, proportional to the number
layers. In the limit ofl→`, f B gives the bulk free energy

FIG. 2. Average fluctuations of a smectic film vs the surface
tensiong for several film thicknesses. Coupling constants are
same as in Fig. 1. For strong anchoring (g.gc) the average fluc-
tuation grows with the film thickness once bulk layers fluctu
more than the strongly constrained surface ones. For weak an
ing (g,gc) this trend is reversed because the presence of o
boundaries undertakes the anchoring and surface layers are
exhibiting larger fluctuations.
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density. f S is the surface contribution andD f ( l ) is the
fluctuation-induced interaction energy that vanishes al
→`.

In the limit where the number of smectic layersN→` but
with l 5(N21)d finite, a simple expression for the intera
tion energy can be obtained from the continuous version
the model@8#. Here we draw the main lines of such deriv
tion with an extension to the case of films with enhanc
surface Frank constantsKS

1 andKS
N . The surface elastic con

stant will be kept equal to the bulk one allowing us to find
closed expression forD f . The general case ofBSÞB will be
discussed later. It is straightforward to show that, in the c
tinuous regime, the eigenmodes are obtained from the dif
ential equation,

dKq4u~z!2dB
]2u~z!

]z2
5lu~z!, ~12!

wherez runs from 0 tol. The eigenmodes have to satisfy th
boundary conditions,

~dKS
1q41g1q2!u~0!2BS ]u

]zD
z5d/2

5lu~0!, ~13!

~dKS
Nq41gNq2!u~ l !1BS ]u

]zD
z5 l 2d/2

5lu~ l !. ~14!

Although d! l in the continuous limit, we need to keep
explicitly in the boundary conditions to obtain the corre
asymptotic dependence ofD f on the elastic Frank constan
K andKS

i . The eigenvalueslm subject to the above bound
ary conditions have the form

lm5dKq41
B

d
v~m!2, ~15!

e

or-
en
ose

FIG. 3. Average fluctuations vs film thickness for typical sur-
face tensions. Coupling constants are the same as in Fig. 1. Fg
5gc ~squares! the average fluctuation is roughly thickness indepe
dent. Forg55gc ~circles! the average fluctuation grows with film
thickness reflecting the dominant role played by surface anchor
For g5gc/5 ~diamonds! the average fluctuation decreases with fi
thickness as the presence of open boundaries has a predominan
in the weak anchoring regime.
1-3
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wherev(m) are the solutions of

v~m!~ l /d!1arctanf11arctanfN5mp ~m50,1, . . .!,

~16!

with

f i5
~B/d!v~m!22g iq

22d~KS
i 2K !q4

~B/d!v~m!
2

v~m!

2
, ~17!

where terms of higher order inv(m) were neglected. The
volume and surface terms of the free energy in Eq.~10! are
formally divergent in the continuous limit. We can compu
the interaction energy by applying the Poisson summa
formula @20#, which naturally splits the surface and volum
terms and replaces the discrete summation overm by an
integral overv @8,19#. After some algebra, we obtain

D f ~ l !5
kBT

2 E d2q

~2p!2
ln@12e22lAK/Bq2

G1GN#, ~18!

where

Gi5
~gc2g i !q

22d~KS
i 2K/2!q4

~gc1g i !q
21d~KS

i 2K/2!q4
, ~19!

g1 and gN being the surface tensions on each film surfa
Keeping the dominant term of Eq.~18! for large l, the inter-
action energy can be shown to decay asymptotically as 1/l on
the form

lcd
D f ~ l !

kBT
5DS d

l D , ~20!

where the characteristic smectic lengthlc5AK/B and the
surface tension dependent amplitudeD is given by

D52
1

16p (
n51

` F S gc2g1

gc1g1
D S gc2gN

gc1gN
D Gn 1

n2
. ~21!

Notice that the asymptotic amplitude is independent of
surface Frank constantsKS

i .
In the discrete model, the interaction energy has to

obtained from direct integration of Eq.~10! after computing
detM through algebraic methods. Further, a subtract
scheme has to be numerically implemented to separate
fluctuation-induced contribution for the free energy. The m
trix algebra is quite similar to that used to investigate the f
energy of hexatic films@see Eqs.~5!–~7! of Ref. @19##. The
extensive contribution coming from the analytical express
for ln detM can be quite easily identified and isolated so t
we effectively just need to numerically computef s1D f ( l ).
In order to obtain the surface term, we compute the f
energy in the limit ofl→` for which the fluctuation term is
absent. The above procedure allows us to compute
fluctuation-induced interaction even in the limit of very th
films and to identify corrections to scaling to the asympto
expression. Also, we can account for the relative effect
having distinct surface couplings.
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In Fig. 4, we present our numerical results for the amp
tude of the fluctuation-induced interaction in the limit of ve
thick films and compare it with the expression obtained fro
the continuous model. Both results coincide within the ac
racy of the numerical procedure. The correspond
fluctuation-induced force is attractive whenever strong
choring (g.gc) or weak anchoring (g,gc) is imposed on
both film surfaces. On the other hand, a repulsive interac
takes place for mixed anchoring. This behavior can be c
related to the profile of smectic fluctuations that for mix
anchoring exhibits an inflexion point. Therefore, for smect
A films, fluctuation profiles with a positive or negative cu
vature generate an attractive long-range interaction betw
the film surfaces, whereas profiles exhibiting an inflexi
point ~mixed boundary conditions! result in a repulsive long-
range force. The amplitude vanishes whenever one of
surface tensions are equal to the characteristic tensiongc .
This feature reflects a faster decay of the fluctuation-indu
interaction in these cases.

In Fig. 5, we plot the interaction energy vs the film thic
ness~in units of layer spacing! for the case of like boundarie
and several surface tensions. Indeed, we find that atg5gc a
faster decay of the fluctuation-induced interaction takes pl
with D f ( l )}1/l 3. Expanding Eq.~18! after imposingg1
5gN5gc but allowing distinct surface Frank constants, w
find that

lcd
D f ~ l !

kBT
52

1

128p S KS
12K/2

K D S KS
N2K/2

K D S d

l D
3

,

~22!

which now explicitly depends on the surface Frank co
stants. The equation above is in full agreement with the
merical results. The interaction amplitude vanishes when

FIG. 4. The asymptotic amplitudeD of the fluctuation-induced
interaction energy vs the surface tension as obtained from the
merical integration of Eq.~10! followed by a subtraction scheme
Coupling constants are the same as in Fig. 1. Circles are data
like boundary conditionsg15gN5g. Two unlike boundary condi-
tions were considered:g150 and gN5g ~squares!; g1→` and
gN5g ~diamonds!. The solid lines are the resulting expressions
D obtained by the continuous version of the model. Notice that
long-range fluctuation-induced force is attractive whenever one
strong anchoring (g.gc) or weak anchoring (g,gc) at both sur-
faces. For mixed anchoring a repulsive interaction takes place.
1-4



e

-
a
ar
r
n
a

co

ike

-
ns
in

t
th
ion

n

ed
ers.

he
rge
7

he
the
ten-
eak

c-
ring

g.
ring.
t

k-

e

tic

ou

-
n-

r
g as
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ther KS
1 or KS

N ~or both! equals toK/2. In these cases, w
observed numerically thatD f displays a faster 1/l 4 decay
~when only one of the surface Frank constants equalsK/2)
and an even faster 1/l 5 decay forKS

15KS
N5K/2. This par-

ticular value ofKS5K/2 andg5gc corresponds to the pa
rameter set for which the fluctuations profile is quite fl
even very close to the film surfaces. The small downw
curvature depicted in Fig. 1~b! changes to an upward one fo
KS,K/2. Also in this limiting case, repulsive interactio
force occurs only for mixed boundary conditions, i.e.,
strong Frank constant at one surface and a weak Frank
stant at the opposite one.

The fluctuation-induced interaction for the case of unl
boundaries withg15gc as a function ofgN takes the
asymptotic form

lcd
D f ~ l !

kBT
5D8S d

l D
2

, ~23!

where

D852
1

64p S KS2K/2

K D S gN2gc

gN1gc
D ~24!

and, therefore, exhibits an intermediate 1/l 2 decay. Notice
that its nature is also attractive for strong (KS.K/2,gN
.gc) and weak (KS,K/2,gN,gc) anchoring at both sur
faces, becoming repulsive for mixed boundary conditio
The interaction amplitude for this latter case is illustrated
Fig. 6 together with numerical data.

The effect of distinct elastic coupling constantsBS acting
in the film surfaces can be explored numerically. Contrary
the surface Frank constant that do not influence
asymptotic amplitude of the fluctuation-induced interact
in the general case ofgÞgc , we found BS to strongly
modify the interaction amplitude. The surface elastic co

FIG. 5. The fluctuation-induced interaction energy vs film thic
ness~in units of the average layer spacementd) for several surface
tensions and like boundary conditions withKS5K. Notice that the
asymptotic scaling regime ofD f }1/l takes place at general surfac
tensions@g5120 dyn/cm(squares) andg53 dyn/cm(diamonds)#
with small corrections to scaling for thin films. At the characteris
surface tension~circles! a faster decay takes place withD f }1/l 3.
The amplitude in this case is in full agreement with the continu
limit result @Eq. ~22!#.
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stant effectively governs how the surface ordering induc
by the surface tension can be propagated to the inner lay
If BS is small, only a partial ordering is transmitted and t
film behaves such as in the weak anchoring regime. For la
BS , the surface ordering is efficiently transmitted. In Fig.
we show the behavior of the asymptotic amplitude of t
fluctuation-induced interaction energy as a function of
surface elastic constant for distinct values of the surface
sion and in the case of like boundaries. In the regime of w
anchoring (g,gc) the absolute value of the amplitudeD
increases with decreasingBS once the system becomes effe
tively less anchored. In the opposite case of strong ancho
(g.gc) the absolute value ofD reaches a minimum with
increasingBS , which, according to the results shown in Fi
4, characterizes the crossover from weak to strong ancho
However, the interaction amplitudeD does not vanish excep
at the particular case ofg5gc .

s

FIG. 6. The asymptotic amplitudeD8 of the fluctuation induced
interaction versus surface tension forg15gc andgN5g. Here we
usedKS5K. The numerical data agree with the expression@Eq.
~24!# obtained from the continuous model~solid line!.

FIG. 7. The asymptotic amplitudeD of the fluctuation-induced
interaction energy vs the surface couplingBS for like boundary
conditions and typical surface tensions. For weak anchoringg52
dyn/cm~circles! the amplitudeD continuously decreases with de
creasingBS once the film effectively becomes even weakly a
chored. A similar trend extends up tog5gc(squares). For strong
anchoring @g560 000 dyn/cm~triangles! and g5120 dyn/
cm~diamonds!# the amplitudeD exhibits a nonmonotonic behavio
reflecting the crossover from strong anchoring to weak anchorin
the surface coupling is decreased.
1-5
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III. SUMMARY AND CONCLUSIONS

In this work, we used a quadratic functional approach
the Hamiltonian of free standing smectic films of thicknesl
to compute the fluctuation-induced interaction between
film surfaces for several regimes of anchoring. By using m
trix algebra together with direct numerical integration, w
reproduced the well known 1/l dependence of the interactio
energy as obtained by a continuous version of the model.
attractive nature of the interaction holds when strong or w
anchoring regimes are imposed on both film surfaces.
mixed boundary conditions~strong anchoring at one surfac
and weak anchoring at the opposite one!, a repulsive
fluctuation-induced interaction occurs. According to wetti
theory, a repulsive interaction leads to a scenario where c
plete wetting is possible, whereas layer-by-layer wetting
take place for attractive interactions. The fluctuation pro
depicts a vanishing curvature at the bulk when the surf
tension is tuned to the characteristic valuegc5AKB that
delimits the strong and weak anchoring regimes. We sho
that, in this case, the fluctuation-induced interaction exhi
a faster decay becoming proportional to 1/l 2 when the sur-
in

l-
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face tension is tuned at only one film surface. A faster 1l 3

decay survives when the surface tension is tuned atgc on
both surfaces. We reported analytical expressions for
asymptotic amplitude of the interaction energy on all r
evant cases. Further, we showed that the interaction am
tude strongly depends on the elastic coupling between
film surfaces and the inner layers and that, in the case
large surface tensions and like boundary conditions, its
solute value exhibits a minimum characterizing the crosso
from weak to strong anchoring.
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